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Abstract. In this paper, we will use the interior functions of an hierarchical basis for
high order BDMp elements to enforce the divergence-free condition of a magnetic field
B approximated by the H(div) BDMp basis. The resulting constrained finite element
method can be used to solve magnetic induction equation in MHD equations. The
proposed procedure is based on the fact that the scalar (p−1)-th order polynomial space
on each element can be decomposed as an orthogonal sum of the subspace defined by
the divergence of the interior functions of the p-th order BDMp basis and the constant
function. Therefore, the interior functions can be used to remove element-wise all
higher order terms except the constant in the divergence error of the finite element
solution of B-field. The constant terms from each element can be then easily corrected
using a first order H(div) basis globally. Numerical results for a 3-D magnetic induction
equation show the effectiveness of the proposed method in enforcing divergence-free
condition of the magnetic field.
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1. Introduction
Numerical modeling of magneto-hydrodynamic fluids has shown that the observance
of the zero divergence of the magnetic field plays an important role in reproducing the
correct physics in plasmas [3]. Various numerical techniques have been devised to ensure
the computed magnetic field to be divergence-free [6]. In the early work of [3] a projection
approach was used to correct the magnetic field to have a zero divergence. A more natural
way to satisfy this constraint is through a class of the so-called constrained transport (CT)
numerical methods based on the ideas in [5]. In most CT algorithms for the MHD, the
surface averaged magnetic flux over the surface of a 3-D element is used to represent the
magnetic field so normal continuity of the magnetic field can be assured while the volume
averaged conserved quantities are used for mass, momentum, and energy variables.
In this paper, we will propose a high order transport finite element method using a
recently developed high order hierarchical basis for the BDMp element [4] for the magnetic
induction equation in the MHD problems. The divergence condition on the B field is
enforced through corrections with interior functions in the basis set such that the global
divergence-free condition will be satisfied.
The paper is organized as follows. In section 2, we will present the hierarchical H(div)
basis functions in various modes (edge, face, and interior). In section 3, we will first
characterize the divergence of the interior basis functions for the hierarchical H(div) basis,
then, we will introduce a two-step procedure to remove non-zero divergence in the finite
element solution. Numerical test of the proposed procedure will be carried out for a 3-D
magnetic induction equation in Section 4. Finally, a conclusion is given in Section 5.
2. Basis functions for the tetrahedral element
In this section we present hierarchical shape functions proposed in [2] for the H(div)-
conforming tetrahedral BDMp element on the canonical reference 3-simplex . The shape
functions are grouped into several categories based upon their geometrical entities on the
reference 3-simplex [1]. The basis functions in each category are constructed so that they
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are also orthonormal within each category on the reference element.
Any point in the 3-simplex K3 is uniquely located in terms of the local coordinate
system (ξ,η,ζ). The vertexes are numbered as v0(0,0,0), v1(1,0,0), v2(0,1,0), v3(0,0,1).
The barycentric coordinates are given as
λ0 := 1− ξ−η− ζ, λ1 := ξ, λ2 := η, λ3 := ζ. (2.1)
The directed tangent on a generic edge e j = [ j1, j2] is defined as
τe j := τ[ j1, j2] = v j2 − v j1 , j1 < j2. (2.2)
The edge is parameterized as
γe j := λ j2 −λ j1 , j1 < j2. (2.3)
A generic edge can be uniquely identified with
e j := [ j1, j2], j1 = 0,1,2, j1 < j2 ≤ 3, j = j1 + j2 + sign( j1), (2.4)
where sign(0) = 0. Each face on the 3-simplex can be identified by the associated three
vertexes, and is uniquely defined as
f j1 := [ j2, j3, j4], 0≤ { j1, j2, j3, j4} ≤ 3, j2 < j3 < j4. (2.5)
The standard bases in Rn are noted as ~ei, i = 1, · · · ,n, and n = {2,3}.
2.1. Face functions
The face functions are further grouped into two categories: edge-based face functions
and face bubble functions.
Edge-based face functions:
These functions are associated with the three edges of a certain face f j1 , and by con-
struction all have non-zero normal components only on the associated face f j1 , i.e.,
nf jk ·Φ
f j1 ,i
e[k1,k2]
= 0, jk 6= j1, (2.6)
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where nf jk is the unit outward normal vector to face f jk .
Using the idea of recursion from [1], independent edge-based face functions are pro-
posed in [2] as follows.
For p = 1, for each edge we have one face function for this edge
eΦf j1 ,0
e[k1,k2]
= λk1∇λk2 ×∇λk3 , (2.7)
and for p = 2, one additional new basis function can be constructed as
eΦf j1 ,1
e[k1,k2]
= λk1λk2∇λk3 ×∇λk1 , (2.8)
which can be shown to satisfy the condition (2.6), and and for p ≥ 3, the basis functions
are given by
eΦf j1 ,i+1
e[k1,k2]
≡ ℓi(γek )eΦf j1 ,1e[k1,k2]+ ℓi−1(γek)eΦf j1 ,0e[k1,k2] (2.9)
= ℓi(γek )

λk1λk2∇λk3 ×∇λk1

+ ℓi−1(γek)

λk1∇λk2 ×∇λk3

,
for i = 1, · · · , p−2. It can be shown numerically that there are exactly p functions that are
independent and whose normal component is non-zero only on the associated edge ek.
Face bubble functions:
The face bubble functions which belong to each specific group are associated with a
particular face f j1 . They vanish on all edges of the reference 3-simplex K
3, and the normal
components of which vanish on other three faces, i.e.,
nf jk ·Φ
f j1
m,n = 0, jk 6= j1. (2.10)
The explicit formula is given as
Φ
f j1
m,n = λ j2λ j3λ j4 Lm,n
∇λ j3 ×∇λ j4
|∇λ j3 ×∇λ j4 |
, (2.11)
Lm,n = (1−λ j2)
m(1−λ j2 −λ j3)
nP(2n+3,2)m

2λ j3
1−λ j2
− 1

P(0,2)n

2λ j4
1−λ j2 −λ j3
− 1

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and
0≤ {m,n},m+ n≤ p− 3. (2.12)
By construction the face bubble functions share an orthonormal property on the reference
3-simplex K3:
< Φ
f j1
m1,n1
,Φ
f j1
m2,n2
> |K3 = δm1m2δn1n2 , (2.13)
for 0≤ {m1,m2,n1,n2},m1 + n1,m2 + n2 ≤ p− 3.
2.2. Interior functions
Interior functions will have zero components on all four faces while some of them may
still have non-zero tangential components (Edge-based and face-based interior functions
defined below).
The interior functions are classified into three categories: edge-based, face-based and
bubble interior functions. By construction the normal component of each interior function
vanishes on all faces of the reference 3-simplex K3, i.e.,
nf j ·Φt = 0, j = {0,1,2,3}. (2.14)
Edge-based interior functions:
The tangential component of each edge-based function does not vanish on the associ-
ated only edge ek := [k1, k2] but vanishes all other five edges, i.e.,
τe j ·Φt,i
e[k1,k2]
= 0, e j 6= ek, (2.15)
where τe j is the directed tangent along the edge e j := [ j1, j2]. The shape functions are
given as
Φ
t,i
e[k1,k2]
= λk1λk2
¨
(1−λk1)
i P
(1,2)
i

2λk2
1−λk1
− 1
«
τek
|τek |
, (2.16)
where i = 0,1, · · · , p− 2.
Again one can prove the orthonormal property of edge-based interior functions:
< Φ
t,m
e[k1,k2]
,Φ
t,n
e[k1,k2]
> |K3 = δmn, {m,n} = 0,1, · · · , p− 2. (2.17)
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Face-based interior functions:
These functions which are associated with a particular face f j1 have non-zero tangen-
tial components on their associated face only, and have no contribution to the tangential
components on all other three faces, i.e.,
nf jk ×Φ
t,f j1
m,n = 0, jk 6= j1. (2.18)
Further each face-based interior function vanishes on all the edges of the 3-simplex K3,
i.e.,
τek ·Φ
t,f j1
m,n = 0. (2.19)
The formulas of these functions are given as
Φ
t,f1
j1
m,n = λ j2λ j3λ j4 Lmn
τ[ j2, j3]τ[ j2, j3] , Φt,f
2
j1
m,n = λ j2λ j3λ j4 Lmn
τ[ j2, j4]τ[ j2, j4] (2.20)
Lmn = (1−λ j2)
m(1−λ j2 −λ j3)
nP(2n+3,2)m

2λ j3
1−λ j2
− 1

P(0,2)n

2λ j4
1−λ j2 −λ j3
− 1

where 0 ≤ {m,n},m+ n ≤ p− 3. The face-based interior functions enjoy the orthonormal
property on the reference 3-simplex K3:
< Φ
t,fi
j1
m1,n1
,Φ
t,fi
j1
m2,n2
> |K3 = δm1m2δn1n2 , (2.21)
for i = {1,2}, 0 ≤ {m1,m2,n1,n2},m1 + n1,m2 + n2 ≤ p− 3.
Interior bubble functions:
The interior bubble functions vanish on the entire boundary ∂ K3 of the reference 3-
simplex K3. The formulas of these functions are given as
Φ
t,~ei
ℓ,m,n
= λ0λ1λ2λ3Llmn~ei, i = 1,2,3, (2.22)
Llmn = (1−λ1)
m(1−λ1−λ2)
nP
(2m+2n+8,2)
ℓ
 
2λ1− 1

· P(2n+5,2)m

2λ2
1−λ1
− 1

P(2,2)n

2λ3
1−λ1 −λ2
− 1

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where
0≤ {ℓ,m,n},ℓ+m+ n≤ p− 4.
Again, one can show the orthonormal property of the interior bubble functions
< Φ
t,~ei
ℓ1,m1,n1
,Φ
t,~e j
ℓ2,m2,n2
> |K3 = δℓ1ℓ2δm1m2δn1n2 ,
where
0≤ {ℓ1,ℓ2,m1,m2,n1,n2},ℓ1 +m1 + n1,ℓ2 +m2 + n2 ≤ p− 4, {i, j} = 1,2,3.
In Table 1 we summarize the decomposition of the space

Pp(K)
3
for the H (div)-
conforming tetrahedral BDMp element.
Decomposition Dimension
Edge-based face functions 12p
Face bubble functions 2(p− 2)(p− 1)
Edge-based interior functions 6(p− 1)
Face-based interior functions 4(p− 2)(p− 1)
Interior bubble functions (p− 3)(p− 2)(p− 1)/2
Total (p+ 1)(p+ 2)(p+ 3)/2= dim

Pp(K)
3
Table 2.1: Decomposition of the

Pp(K)
3
BDMp tetrahedral finite element space.
3. Enforcing Divergence-free condition for B-field
The magnetic field B in the MHD equations is assumed to be divergence free, however,
the time evolution from a fully discretized finite element method for the magnetic equation
will render the divergence of B to be non-zero at later time. There are many ways to re-
move the non-zero divergence in the magnetic field such as the projection method through
Helmholtz decomposition. In this paper, we will use the interior functions in the H(div)
basis set to correct the non-zero divergence element by element. Due to the vanishing
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property of the normal components of the interior basis functions, such a local correction
will still keep the corrected finite element solution in H(div) globally. The ability of using
only the interior functions to reduce the non-divergence error in the magnetic field is based
on the following result.
First let us denote the subspace spanned all the interior functions defined in (2.16),
(2.20), and (2.22) as
Σint = span{Φi}
ni
i=1
, ni =
1
2
(p− 1)(p+ 1)(p+ 2). (3.1)
Lemma 3.1. divΣint = Pp−1(K)\{1}= {1}
⊥.
Proof. We will prove the result by subspace inclusion argument. First, we will show
divΣint ⊂ {1}
⊥. Take any function Φ ∈ Σint, we have∫
K
divΦ · 1d x =
∫
∂ K
Φ · nds = 0, i.e. divΦ⊥ 1, (3.2)
due to the fact the the normal component of interior function vanishes on the edge of the
element K, thus divΣint ⊂ {1}
⊥.
On the other hand, we will show {1}⊥ ⊂ divΣint by showing that (divΣint)
⊥ ⊂ {1},
instead. Let v ∈ Pp−1(K) and v ∈ (divΣint)
⊥, then we have∫
K
v · divΦd x = 0, for all Φ ∈ Σint, (3.3)
which gives with an integration by parts∫
∂ K
∇v ·Φd x = 0, (3.4)
where the vector field ∇v ∈

Pp−2(K)
3
.
Now take the tangential vectors of the three edges sharing the common vertex v0,τ
[0,1],
τ[0,2],τ[0,3], we can see easily that the following vector functions are also interior functions
(with zero normal components on all faces),
λ0λ1g1τ
[0,1],λ0λ2g2τ
[0,2],λ0λ3g3τ
[0,3] ∈ Σint (3.5)
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where the scalar functions gi , i = 1,2,3 are polynomials of degree (p − 2). Next, we
construct three bi-orthogonal vectors s j with respect to τ
[0,i], i = 1,2,3 with the following
property
s j ·τ
[0,i] = δi j . (3.6)
We can express the vector field ∇v using the basis vector s j as follows
∇v = f1s1 + f2s2 + f3s3, fi ∈ Pp−2(K), i = 1,2,3, (3.7)
which will be substituted into (3.4), resulting in∫
∂ K
 
f1s1 + f2s2 + f3s3

·Φd x = 0. (3.8)
By setting Φ = λ0λ1 f1τ
[0,1] in the above identity and using the bi-orthogonality property
of (3.6), we have ∫
∂ K
λ0λ1 f
2
1 d x = 0, (3.9)
which implies that f1 = 0 as both λ0,λ1 are positive inside K . Similar arguement will show
that f2 = f3 = 0 also hold.
Therefore, we have ∇v = 0, namely, v =const., thus (divΣint)
⊥ ⊂ {1}.
Algorithm: we propose a two-step algorithm to remove the non-divergence in the numer-
ical solution for the magnetic field B.
• Step 1 (local correction) Element-wise removal of high order terms in divB.
Due to Lemma 3.1, we can use the interior function in Σint to remove higher order
terms in divB. The remaining component in divB will be a constant on each element.
We proceed to finding a vector function
Φ =
ni∑
i=1
αiΦi ∈ Σint (3.10)
such that
B1 = B +Φ (3.11)
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div(B+Φ) = c, (3.12)
namely, div(B+Φ) ∈ (divΣint)
⊥ = {Pp−1(K) \ P0}
⊥, which gives the following linear
system for the unique Φ ∈ Σint (w, divΦ)+ (w, div B) = 0 ∀w ∈ Pp−1(K) \ P0,
(Φ,Ψ)+ (v, divΨ) = 0 ∀Ψ ∈ Σint,
(3.13)
where v ∈ Pp−1(K) \ P0. Here (3.13) is a local mixed finite element approximation
to the following Poisson equation,
−div grad v = −divB in K ,
∂ v
∂ n
= 0 on ∂ K .
• Step 2 (global correction) remove the constant term in divB1 in the whole domain.
Due to the result of lemma 1, we will have a residual constant term left in the
corrected magnetic field B1, which can only be removed by a global correction with
the first order H(div) basis defined in Section 2. We proceed as follows by finding a
second function Φ ∈ H(div,Ω) using the first order H(div) basis functions defined
in (2.7),
Φ =
N1∑
i=1
βiΦi (3.14)
such that
B∗ = B1 +Φ (3.15)∫
Ω
divB∗ · divΦ jd x = 0, for 1≤ j ≤ N1, (3.16)
resulting into the following linear system for Φ, in a similar argument for equations
(3.13),  (Φ,Ψ)+ (v, divΨ) = 0 ∀Ψ ∈ span{Φi , i = 1, ...,N1},
(w, divΦ)+ (w, div B1) = 0 ∀w ∈ {P0(K)}.
(3.17)
Divergence-free H(div) FEM for Magnetic Induction 11
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
 
 
 
 
 
 
 
 
☞
☞
☞
☞
☞
☞
☞
☞
☞
☞
✭✭✭✭
✭✭✭✭
✭✭✭✭
✟✟
✟✟
✟✟✟✟ ✟✟
✟✟
✟✟
✟✟✟✟ ✟✟
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
☞
☞
☞
☞
☞
☞
☞
☞
☞
☞
✭✭✭✭
✭✭✭✭
✭✭✭✭
☞
☞
☞
☞
☞
☞
☞
☞
☞
☞✭✭✭✭
✭✭✭✭
✭✭✭✭
Figure 4.1: The level 1 and 2 uniform grids.
4. Numerical results
We will solve a magnetic induction field equation on the unit cube Ω = [0,1]3,
Bt = −div(BU
T − UBT ), (4.1)
with a periodic B · n boundary condition is considered
B1(t, 0, y, z) = B1(t, 1, y, z),
B2(t, x , 0, z) = B2(t, x , 1, z),
B3(t, x , y, 0) = B2(t, x , y, 1).
In (4.1),
U =

1
1
0
 . (4.2)
Also for (4.1), the initial condition B(0,x) is given by the exact solution
B(t,x) =

sin(2π(x + y − z − 2t)) + sin(2π(y − t))
sin(2π(x − t))
sin(2π(x + y − z − 2t))
 . (4.3)
We note that due to the initial condition divB(0,x) = 0, (4.1) ensures
divB(t,x) = 0, for all t > 0. (4.4)
We discritize equation (4.1) by a P3 H(div) mixed finite element in Section 2, i.e. the
space V3, on the uniform tetrahedral grids depicted in Fig. 4.1. For time evolution, we
12 W. Cai and J. Hu and S. Zhang
‖B− Bh‖0 h
n ‖div(B− Bh)‖0 = ‖divBh‖0 h
n dimV3
2 0.86157111 0.0 2.52192914 0.0 1920
3 0.31631008 1.4 1.27803825 1.0 15360
4 0.05191410 2.6 0.44154994 1.5 122880
5 0.00635164 3.0 0.07211612 2.6 983040
For divBh = 0 corrected solution with both (3.13) and (3.17).
2 0.95693378 0.0 0.00000032 0.0 1920
3 0.32810096 1.5 0.00000012 1.4 15360
4 0.05713843 2.5 0.00000040 0.0 122880
5 0.00698271 3.0 0.00000063 0.0 983040
Table 4.1: The errors and the order of convergence, by the P3 element, for (4.1) and divergence-free
corrections.
use the characteristic method. We compute the solution B(1/2) with 100 time steps with
d t = 0.005. The L2 errors are listed in Table 4.1, along with the order of convergence,
which is 3 as expected for the P3 mixed finite element. We can see that the numerical
solutions are not divergence-free any more as the divergence-free condition for Bh(t,x) is
not enforced at the time discretization level. Following the correction method proposed in
Section 3, we correct the solution Bh(1/2,x) by direct solution of both (3.13) and (3.17).
The error and the convergence order are listed also in Table 4.1 at the bottom. We can
see that the divergence of corrected solution is almost zero, up to the computer accuracy.
Moreover, the correction does not change the order of convergence of the finite element
solution, though the L2 norm of the error for the corrected solution is slightly larger.
To see the effect of the two correction steps on the solution, we plot in Figure 4.2 the
solution B1(1/2) at t = 1/2 and the errors before and after the correction on a plane at
z = 0.485. We also compare the new method with the existing, global correction method
with the full P3 − H(div) basis. To make a comparison to the existing full divergence-zero
correction method, we list in Table 4.2 (top part) the errors of the divergence-corrected
solution with P3 − H(div) basis in (3.17). The correction equations are solved by an
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( 1.0, 1.0, -2.00029)
( 0.0, 0.0,  2.00029)
( 1.0, 1.0, -0.48567)
( 0.0, 0.0,  0.48567)
( 1.0, 1.0, -0.43552)
( 0.0, 0.0,  0.43552)
Figure 4.2: The solution B1(1/2) (top), the error before div-free correction (middle), and the error of
corrected solution (bottom).
iterative Uzawa method, stopped when the div norm is less than 0.000005. As expected,
we see that the computation complexity is much higher than our new, two-step correction
method. We notice that from Table 4.2 that the corrected solution now has a smaller error
while achieving an almost zero divergence. In doing the two-step correction (3.13) and
(3.17), the work for the global correction (3.17) is of several orders higher than the local
correction step. So, we might wish do just the first step correction (3.13). However, the
corrected solution is not divergence-free anymore and we list in the bottom half of Table
4.2 the errors and the order of convergence for such one-step corrected solutions.
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‖B− Bh‖0 h
n ‖div(B− Bh)‖0 = ‖divBh‖0 h
n dimV3
For a global divBh = 0 corrected solution with P3 −H(div) basis.
2 0.84092712 0.0 0.00000484 0.0 1920
3 0.31432784 1.4 0.00000476 0.0 15360
4 0.05155935 2.6 0.00000487 0.0 122880
5 0.00618254 3.0 0.00000447 0.0 983040
For local divBh = 0 corrected solution only with (3.13).
2 0.93913487 0.0 1.57251299 0.0 1920
3 0.32826239 1.5 1.03345712 0.6 15360
4 0.05715300 2.5 0.32677858 1.7 122880
5 0.00665786 3.1 0.02944335 3.5 983040
Table 4.2: The errors and the order of convergence of P3 solutions, for (4.3) with global P3 − H(div)
and local interior modes only corrections.
5. Conclusion
In this paper, we have proposed an efficient correction procedure to ensure the diver-
gence free condition of the magnetic field. The correction is done in two steps: the first
step can be done locally on each element which removes the high order terms in the di-
vergence error of the B-field; the second step is a global one which removes the remaining
constant term in the divergence error on each element. Numerical results have shown the
effectiveness of the proposed method in enforcing divergence-free condition for a magnetic
induction equation while maintaining the accuracy of the solution itself.
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